We present a dynamical model for a time-asymmetric nonsingular bounce with a post-bounce change of the effective equation-of-state parameter. Specifically, we consider a scalar-field model with a time-reversal-noninvariant effective potential.
I. INTRODUCTION
A nonsingular bouncing cosmology can have several interesting properties which may remove the need for inflation; see, e.g., the discussion of Ref. [1] and references therein. The crucial question, then, is what physics is responsible for such a nonsingular bounce of the cosmic scale factor.
Recently, a very simple suggestion has been put forward, namely to keep the structure of general relativity but to allow for degenerate metrics [det g µν (x) = 0 at certain spacetime points]. In that case, it is possible to make an Ansatz for the metric which leads to a modified Friedmann equation with a nonsingular bouncing solution [2] .
A follow-up paper [3] has calculated some cosmological observables and has presented, in its App. A, an explicit model for the type of nonsingular bouncing cosmology discussed in Ref. [1] . This explicit model was constructed at the hydrodynamic level with a designer equation-of-state parameter w(T ). The goal, here, is to obtain a dynamic realization of a time-asymmetric nonsingular bounce with a post-bounce change of the effective equationof-state parameter: w eff, pre-bounce (T ) = 1 for T ≤ 0 and w eff, post-bounce (T ) < 1 for T > 0.
II. MODEL WITH A MASSIVE SCALAR
We take a scalar field φ(x) minimally coupled to Einstein gravity. The scalar has selfinteractions determined by a special effective potential V eff (φ), which is possibly related to a fundamental time asymmetry [4] [5] [6] , as will be discussed in Sec. IV. Specifically, we consider a homogenous scalar field φ that propagates over the spacetime manifold from Ref. [2] .
Natural units with c = 1 and = 1 are used initially.
A. Metric Ansatz and reduced field equations
With a cosmic time coordinate T and comoving spatial coordinates {x 1 , x 2 , x 3 }, the metric Ansatz is given by [2] 
1b)
T ∈ (−∞, ∞) , (2.1c)
where b corresponds to the length scale of a spacetime defect (cf. Ref. [2] and references therein).
For the numerical calculations, we use the auxiliary coordinate τ ∈ (−∞,
instead of T ∈ R. These two coordinates are related as follows:
where τ = −b and τ = b correspond to a single point (T = 0) on the cosmic time axis (see Ref. [2] for further discussion).
The dynamic equations for the functions φ(τ ) and a(τ ) are the Klein-Gordon equation, the second-order Friedmann equation, and the first-order Friedmann equation,
3c)
where the overdot stands for differentiation with respect to τ and the sign function is defined
The boundary conditions (2.3e) and (2.3f) are supplemented with boundary conditions oṅ φ andȧ at τ = ±b, in order to have well-defined functions φ(T ) and a(T ) at T = 0 (further details will be given in Sec. II B).
The effective potential (2.3d) consists of the standard quadratic term multiplied by two pre-factors in large brackets. The second pre-factor in (2.3d) gives a vanishing potential in the contracting pre-bounce phase and a nonvanishing potential in the expanding postbounce phase, while the first pre-factor makes for a smooth start at τ = b of the nonvanishing potential in the post-bounce phase (τ > b). As said, further remarks on the effective potential (2.3d) appear in Sec. IV.
For later use, we introduce the definitions
6b)
The two Friedmann equations (2.3b) and (2.3c) then become asymptotically (τ ≫ b):
which shows that the quantities ρ φ and P φ from (2.6) can be interpreted as the energy density and pressure of the asymptotic homogeneous φ field [7] .
Henceforth, we use reduced-Planckian units and take explicit values for b and m in these units, 
B. Numerical and analytic results
We solve the ODEs (2.3) numerically. Specifically, we solve the two second-order equations (2.3a) and (2.3b), with boundary conditions satisfying the first-order Friedman equation (2.3c).
Numerical results are shown in Fig. 1 with the following boundary conditions at τ = ±b :
, where theφ value follows with the auxiliary τ coordinate allows for a more careful treatment of the behavior at the defect surface (τ = ±b or T = 0) than working with T . This is illustrated by the fact that dφ/dT = T 2 /(b 2 + T 2 ) dφ/dτ simply vanishes at T = 0 by the square-root factor, regardless of the actual finite value of dφ/dτ at τ = ±b.
As mentioned in the previous paragraph, the results of 
potential (2.3d).
We also have some analytic results. In the pre-bounce phase (τ < −b < 0), we obtain the following analytic solution: It is, moreover, possible to obtain analytic results for the asymptotic post-bounce behavior of the dimensionless variables φ(τ ) and h(τ ). We consider τ ≫ b with
Making the Ansatz
(2.10) 
III. MODEL WITH A MASSIVE SCALAR AND RELATIVISTIC MATTER
If the massive scalar field φ(x) of Sec. II is coupled to other fields, then the oscillatory behavior of the post-bounce scalar field φ(x) gives rise to particle creation and reheating [8] , with w eff ∼ 1/3 from massless or ultrarelativistic created particles. In this section, we present a simplified calculation for the decay of an oscillating massive scalar field (an alternative calculation for a massless scalar with quartic self-interactions is given in App. A).
All further calculations in this paper will be performed solely with the auxiliary coordinate τ . Still, the behavior of the cosmic scale factor a(T ), the Hubble parameter H(T ), and matter fields such as φ(T ) will be smooth at the defect surface T = 0, as shown by the bottom-row panels in Fig. 2 .
A. Reduced field equations
The rapid oscillations of the post-bounce scalar field φ in Fig. 2 are expected to decay rapidly [8] , as long as the scalar particle φ of mass m > 0 is coupled to light particles (for example, a scalar particle χ of mass µ m with 0 ≤ µ ≪ 1). A coupling term g m φ χ 2 in the Lagrange density gives a tree-level decay rate Γ = g 2 m/(8π) for the process φ → χ χ. In a cosmological context, there are other effects which may increase the effective decay rate [7] , but, here, we only intend to present a simplified (but consistent) model.
Our particular model involves the bounce field φ(τ ) together with a relativistic matter component which is described by the energy density ρ rel (τ ) and the pressure P rel (τ ) = (1/3) ρ rel (τ ). In fact, the model extends the discussion of Sec. 5.5.1 in Ref. [7] and aims to
give a consistent description of the post-bounce evolution.
In addition to the homogeneous scalar field φ(τ ) responsible for the bounce, we thus consider a homogeneous relativistic matter component with a constant equation-of-state parameter,
We now proceed in three steps. First, we modify the Klein-Gordon equation by the introduction of a friction term [7] with decay constant Γ,
where the overdot stands for differentiation with respect to τ . Second, we obtain the corresponding evolution equation for ρ φ from (3.2) and the definitions (2.6) for ρ φ and P φ ,
Third, energy conservation then gives the evolution equation for ρ rel ,
where the right-hand side can also be written as 3 Γφ 2 . The terms on the right-hand sides of (3.3) and (3.4) describe the energy exchange between the scalar-field matter component and a different matter component characterized by ρ rel and P rel .
Replacing the decay constant Γ in (3.2) and (3.4) by a time-dependent quantity Γ eff , the following consistent ODES are obtained:
5a)
5d)
5e)
with Newton's constant G N temporarily displayed and a nonnegative coupling constant γ in Γ eff (the φ-scalar mass m is taken to be positive). Two technical remarks are in order. First, the additional term ρ rel on the right-hand side of (3.5c) corresponds to the extra contribution (1/2) ρ rel + (3/2) P rel , just as in the ODE (2.7a) for the φ field. Second, more or less the same numerical results are obtained without the smoothing factor 1 − exp α 6 − a 6 2 in Γ eff from (3.5f) and (3.5g).
B. Numerical results
We have obtained numerical solutions of the ODEs (3.5) for nonvanishing decay coupling constant γ and with the same boundary conditions as in Fig. 1 . For comparison, we first show in Fig. 5 (which partly reproduces Fig. 1 ) the numerical solution without φ decay 
IV. DISCUSSION
The scalar-field construction of the asymmetric nonsingular bounce in Sec. II (and also in App. A) is relatively straightforward, but there is a subtle point.
Indeed, the crucial property of the effective potential V eff (φ) in (2.3d) is its time-reversalnoninvariance: the effective potential vanishes in the contracting phase and is nonvanishing in the expanding phase. A possible origin of such an effective potential may come from a fundamental arrow-of-time, one example being the anomalous time-reversal violation [4] obtained from the chiral SO(10) gauge theory containing the three-family Standard Model defined over a manifold with topology R × T 3 (see Ref. [5] for the original paper on the CPT anomaly and Ref. [6] for a recent review).
The idea, now, is that V eff (φ) in (2.3d) originates from quantum effects, where the CPT anomaly [4] [5] [6] is responsible for a microscopic "time-direction" (resulting in the second prefactor with the sign function) and where gravitational effects involving H 2 (T ) are responsible for the smooth turn-on (resulting in the first prefactor with the exponential function). The outstanding task is to calculate such an effective potential ab initio. Remark that previous results for particle creation in nonsingular bouncing cosmology appear to rely on time-reversal-noninvariant boundary conditions; see, e.g., Ref. [9] .
Another issue is the physical interpretation of the fundamental scalar field φ(x) used in Secs. II and III. Perhaps it is possible to interpret this fundamental scalar field φ(x)
[or rather an extra copy of it] as the fluctuating component ξ(x) of the composite scalar field q(x) = q 0 + ξ(x) from the so-called q-theory approach to the cosmological constant problem (see Refs. [10] [11] [12] [13] and references therein). The results of Sec. III then illustrate, for an assumed nonzero and positive value of γ, how the oscillating homogeneous component ξ(x) of the q-field transfers its energy to relativistic particles in the post-bounce phase (this energy-transfer process differs from the one considered in Ref. [11] ).
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Appendix A: Model with a massless scalar and quartic self-interactions
In Sec. II, we considered a massive free scalar φ in the post-bounce phase. Here, we take a massless scalar χ with quartic self-interactions in the post-bounce phase.
Specifically, we have the ODEs (2.3a), (2.3b), and (2.3c) with φ(τ ) replaced by χ(τ ) and the following effective potential:
with α 2 ≡ a 2 (b) = a 2 (−b) and a positive coupling constant λ. Also define
Numerical results are presented in Fig. 8 . The left panel of the middle row in Fig. 8 shows that the post-bounce expansion a ∝ τ 1/2 for τ ≫ b resembles the one of a standard radiationdominated FLRW universe, as noted already in Sec. 5.4.2. of Ref. [7] .
The analytic pre-bounce solution is given by (2.9) with φ(τ ) replaced by χ(τ ). We will now get the asymptotic post-bounce expressions for the dimensionless variables χ(τ ) and h(τ ). Just as for the case of the quadratic potential discussed in the penultimate paragraph of Sec. II B, the crucial step is to make an appropriate Ansatz for χ(τ ).
The relevant ODES arë
The asymptotic solution χ asymp (τ ) for τ ≫ b > 0 will be seen to fluctuate around zero and the asymptotic solution h asymp (τ ) around (1/2) τ −1 .
The procedure consists of two steps. First, we modify the ODE (A3a) by replacing h(τ ) with (1/2) τ −1 and we get χ + 3 2
Second, we make the following Ansatz :
where η(ρ) fluctuates around zero. From (A4) and (A5), we obtain where the prime stands for differentiation with respect to ρ. As the cosmic time coordinate τ is nonvanishing for nonzero defect scale b, (A6) reduces to
which corresponds to a nonlinear second-order ODE (in fact, a type of Bellman's equation, 
with a real constant c 3 that is, for the moment, set to zero. The leading behavior of Finally, we observe from (A7) that the ρ variable in a particular η(ρ) solution can be shifted by an arbitrary constant and we determine an appropriate real constant c 3 in (A8a) to match the numerical value of χ(1) from Fig. 8 .
The asymptotic solution (A8) for τ ≫ b is shown in Fig. 9 and compares reasonably well with the numerical solution in Fig. 8 . For completeness, the analytic pre-bounce solution for τ ≤ −b is also displayed in Fig. 9 . The mismatch at τ = ±b in the left-and right-panels of Fig. 9 is of no concern, as the asymptotic solution (A8) is only approximative at τ = b.
